Abstract: Linear time invariant (LTI) systems are widely used for modeling system dynamics in science and engineering problems. Harmonic oscillation of LTI systems are widely used for modeling and analyses of periodic physical phenomenon. This study investigates sufficient conditions to obtain harmonic oscillation for high-order LTI systems. The paper presents a design procedure for controlling harmonic oscillation of singleinput single-output high-order LTI systems. LTI system coefficients are calculated by the solution of linear equation set, which imposes a stable sinusoidal oscillation solution for the characteristic polynomials of LTI systems. An example design is demonstrated for fourth-order LTI systems and the control of harmonic oscillations are discussed by illustrating Hilbert transform and spectrogram of oscillation signals.
Introduction
Linear Time Invariant (LTI) system modeling and analyses methods have been played an important role in development of science and technology for a century. LTI models have found widespread use in theoretical and numerical analyses of complex linear systems. Behaviors of dynamic systems are well characterized by LTI system models and consistency of LTI system analyses with real systems has been proven for numerous applied science and engineering problems. It is obvious that analyses on the base of LTI systems still play a central role in system analysis and system design, today. Deepened investigation on behaviors of LTI systems promises further contributions to modeling and comprehension of physical system behaviors.
LTI systems are expressed in the form of linear time-invariant differential equations. It is convenient to represent LTI differential equations as a set of first-order differential equations to perform state space analyses. Lablace transform providing transfer functions are mainly preferred because of simplification of the system analyses (Blackman, 1962; Perkins and Cruz, 1969; Harris and Miles,1980) . The characteristic polynomial of the LTI systems provides a valuable tool for evaluating the character of LTI system (Gopal, 1993) . Roots of characteristic polynomial are referred to as eigenvalues (or system poles) of the system. Complex conjugate roots (
) lead to harmonic terms, jwt e , in the solution of LTI models, and this results in harmonic components at system output (Gopal, 1993; Dorf and Bishop, 1990) . The short-term oscillations, caused by the terms of (Gopal, 1993; Dorf and Bishop, 1990) . The current study is devoted for the design considerations of high-order LTI harmonic oscillators emerging in the cases of 0  i  and 0  i j . Previously, stability boundary locus analyses were presented for the design of stable control systems (Tan 2005; Moghaddam and Abbasi, 2012) . It is based on solving characteristic polynomial equation in s domain for  j s  to figure out stability regions of controller coefficients. Indeed, stability boundary locus also indicates to the coefficients that results in oscillation of control systems. We consider it as an oscillation boundary and extend our investigation for the harmonic oscillation of LTI systems.
System oscillation is one of the most prominent problems of dynamic systems. Oscillation behavior of physical systems was extensively investigated due to potentials of modeling simplification and analyses consistency. Oscillation models are used for numerous application in various fields of applied science and engineering such as physics (Wells, 2012; Chiorescu et. al. 2004; Carloni et al. 2009; Yakovenko, 2006; Ibrahim and Tawfik, 2010) , control science (Kasnakoglu, 2010) , mechanics (Saha, 2012; Chen and Liu, 2009; Brigante and Sumbatyan, 2013) , electrical system (Brigante and Sumbatyan, 2013; Radwan et al. 2008; Atay, 2002) , biology (Wilkins et al. 2009; Jolma et al.,2010; Kaplanet al.2008) . For instance, prevalence of harmonic oscillators in physics is obvious, describing small motions of an object attached to a string, molecules vibrating in crystals (Chiorescu et al. 2004) . Oscillation conditions were stated for various oscillators (Wilkins et al. 2009; Radwan et al. 2008; Atay 2002) . Investigation of conditions for harmonic oscillation (steady sinusoidal oscillations) of high-order LTI models may extend our understanding of complex physical systems, modeled by simple second-order oscillators, particularly in particle physics (Chiorescu 2004) .
This study investigates sufficient conditions to obtain harmonically oscillating high-order LTI system model. Roots of the characteristic polynomials are mapped to amplitude-angle (  , and coefficients of the LTI system let to a desired harmonic oscillation were found by arbitrary solutions of linear equations. These arbitrary solutions impose sinusoidal oscillation solutions for characteristic polynomials. An example design was demonstrated for fourthorder LTI systems and, results were discussed for the control of harmonic oscillations.
Methodology

Theoretical Background
Differential equations of LTI control systems with constant coefficients R a i  and a derivative order n (Blackman, 1962; Perkins and Cruz, 1969; Dorf and Bishop, 1990 ) are expressed in a general form as follows, u y a
A LTI system is commonly expressed via state space representation (Gopal, 1993) as follows
,where x is 1  n state variable vector of the system and y is system output vector. The tem x  denotes the first derivatives of state variable vector. the 1  n vector u represents input vector of the system. The matrix A is n n  size state transition matrix of system. The matrix B , C and D models are model parameters of dynamic system. For single-input single-output systems, Lablace transform transfer function (Gopal, 1993; Abdelaziz, 2009; Özgören, 2009 ) was commonly expressed in s-domain domain as,
Characteristic polynomial of this system (Gopal, 1993) were expressed as follows,
is complex eigenvalues of dynamic systems. In order to solve i  , let us express characteristic equation in polynomial form as follows,
The roots of characteristic polynomial yield following remarks for high-order system behaviors (Blackman, 1962; Gopal, 1993; Dorf and Bishop, 1990) ,
, the system will be asymptotic stability (Gopal, 1993) . Because, all (ii) If there is at least a root accommodating on the right half plane, so
, the system will be instable. Because, at least a term 
Problem Definition
This study aims to derive fundamental design considerations for harmonic oscillation of high-order LTI systems on the bases of characteristic root placement in complex plane. For this propose, lets express the roots of 
Real physical systems in macro scales (mechanical systems) mainly exhibit attenuating harmonic oscillation ( 0  i  ) for a limited time interval depending on friction forces or thermodynamic energy loses.
Time constant of this limited time oscillation (transient oscillation
and the oscillating frequency is ) sin(
. Steady oscillations can be mostly possible in micro-scale physical systems such as electro-physical and particle systems. However, instable harmonic oscillation ends with devastation or transformation of the physical systems and this type behaviors can be take place in very short intervals in the nature for instance short-lived particles. 
Oscillation Boundaries of LTI systems
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Proof:
If the characteristic equation of n-order LTI system given by equation (6) 
When the order n are odd, 0 
These equations also tell us the following important remarks for oscillation condition of LTI systems: 
when the order n are odd, 0 ...
(iv) Stability condition given by Equation (13) Step 2: Write n number of linear equations such that equation (13) is for oscillating roots and equation (19) is for each non-oscillation roots.
Step 3: Solve linear equations to obtain n    .., , 2 1 polynomials coefficients.
Numerical Examples
In this section, we present an example system for fourth-order LTI systems, expressed in the form of, 
To better demonstrate amplitude and bias control of oscillations at 1
applied subsequent delayed dirac input and a variable step input as control signal. The subsequent delayed dirac signal was formed as follows,
And, the following variable step input signal was used to disturb the oscillating system. 
Conclusions
This study presents harmonic oscillation control for high-order LTI systems. The paper discusses sufficient conditions of system coefficients to maintain harmonic oscillation and to clear transient harmonics from the system output. Moreover, some properties related to oscillating LTI system solutions such as existence of solution, abundance of solutions, balanced solution families are discussed.
Design and control examples were presented for the fourth-order LTI systems. In these examples, we illustrated removal of undesired transient harmonic oscillation from the system response and controlling the amplitude and bias levels of harmonic oscillations of the systems via input signal. Harmonic oscillation frequency can be adjusted by coefficients of the LTI system.
In physics, harmonic oscillations are widely used to explain mechanisms acting on the periodic events. Another noteworthy point should be emphasized that the steady state behavior of a high-order LTI system can mimic a second-order harmonic oscillator, when the complex conjugate roots resulting in transient oscillations moves away the complex axis. Steady-state response analysis of physical systems can hide effects of higherorder eigenvalues at the system output. However, the actual orders of harmonically oscillating systems can be estimated by evaluating transient response of systems.
Discussions and examples in the paper may be useful for system engineering and results can contribute to the field of vibration control and comprehension nature of oscillating physical systems as well.
